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NUMBER OF SOLUTIONS WITH A NORM BOUNDED BY
A GIVEN CONSTANT OF A SEMILINEAR ELLIPTIC PDE WITH

A GENERIC RIGHT-HAND SIDE

ALEXANDER NABUTOVSKY

Abstract. We consider a semilinear boundary value problem —Au+f(u, x) =

0 in ß C S.N and u = 0 on dQ.. We assume that / is a C°°-smooth

function and Í2 is a bounded domain with a smooth boundary. For any C-

smooth perturbation h(x) of the right-hand side of the equation we consider

the function Nh(S) defined as the number of C2+a-smooth solutions u such

that ||«||C0(Q) < 5 of the perturbed problem.

How "small" JVft(S) can be made by a perturbation h(x) suchthat P||co/q)

< e ? We present here an explicit upper bound in terms of e , S and

max _||D¿/(ii,x)||       (¿€{0,1,2}).
\u\<s,xen

If S is fixed then h can be chosen by such a way that the upper bound persists

under small in C°-topology perturbations of h . We present an explicit lower

bound for the radius of the ball of such admissible perturbations.

1. Introduction

Let an elliptic problem

(1.1a) f -Au + f(u,x) = 0   inSi,

(Lib) \u = 0 on dSi,

be given. We assume that fiel* is a bounded domain with a C°°-smooth

boundary and /: E x Q —> R is a C°°-smooth function. We consider this

problem in the space C2+a(Sl) for some a G (0, 1).

The set of solutions of the problem (1.1) can be uncountable. However,

it follows from Smale results that there exists an arbitrarily small CQ-smooth

perturbation of the right-hand side of (1.1a) making the solution set of the

problem (1.1) discrete. More precisely it follows from results of [ 13] that for

any e > 0 there exists a function h g Ca(Sl) such that

(1.2)(1) max|/z(x)|<e.

(2) All solutions of the problem

(1.3a) ( -Au + f(u,x) = h{x)   inQ,

(l-3b) l«lan = 0,
are isolated.
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The solution set of the problem (1.3) can be characterized by the function

Nn(S) defined as the number of C2+a-smooth solutions of (1.3) such that

HMllc°(n) - S- We are interested in the following informal question: How

"small" can Nn(S) be made by a Ca-smooth perturbation h of the right-hand

side of (1.1a), such that ||A||cu(ñ) < e?

Ehrmann [4] and Fucik and Lovicar [7] (see also [8]) have proved that the

ordinary differential equation

u" + f(u) = h(x),       xg(0,7t),

u(0) = u(ti) = 0,

has an infinite number of classical solutions u for any continuous right-hand

side h when / is a continuous function and

(1.4) lim  ^ = +oo.
V        ' t—±oo      t

Other results concerning the existence of infinitely or arbitrarily many solutions

of semilinear elliptic equations can be found in [1, 11, 24] and in the survey

[23] (see also references there).

These results imply that in a general case we cannot expect to make Nh(S)

bounded for all S by any Ca -smooth perturbation h . They also suggest that

the forementioned question can be posed either concerning a value Nh(S) for

some fixed 5 or concerning the asymptotic growth of Nn (S) when S —> oc .

Below we give a partial answer for these questions. Namely, we present

explicitly depending on S, e, ho , and / upper bounds on Nh(S) for a properly

chosen h G Ca(Sl) such that ||A - ^oIIco(q) < e • If S is fixed then h can be

chosen by such a way that our estimates of N„(S) persist under perturbations

of h which are small in C°-topology. We present also a lower bound for the

radius of the ball of such admissible h .
Now we can state our main results. We will denote the diameter of Si in the

metric of E^ by diam Si and

nm     Ínf&>6CH[0.1].ñ);c(0)=xl;a,(1)=,2length(&J)
" I I

xt ,x2eii \Xi — x2\

by dilQ. Let M0(S) denote max., <s xe^\f(u, x)\ and M¡(S) denote

maxl»l<s,*eñ WD'uf(u > x)\\   (i G {1, 2}). Further, let

(1.5) M0(S) = max{l,M0(S)},     M2(S) = max{l, Mt{S), M2(S)}.

Theorem 1.1. Let^l cl" be a bounded domain with a C°°-smooth boundary

and f G C°°(E x Si) be an arbitrary function such that for any constant c > 0,

M2{S + c/M2(S)) = M2(S){l+o(l)) when S - oo.
There exist functions Q\(N, diamQ), &2(N, diamQ) and a function v(S, s)

with the following property. Let S > O and a G (0,1) be fixed. For any
ho G Ca(Sl) and positive e < 1 there exists h g Ca(Si) such that

(1)   h - Ao G C2+a(Si) and \\h-h0\\cl(Ii)<e.
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(2) For any g G Ca{SÏ) such that \\g - A||c0(^, < v{S, s), the number

Ng(S) of C2+a-smooth solutions of the boundary value problem

(1.6a) (-Au + f(u, x) = g(x)   in Si,

(l-6b) lw|an = 0,

such that ||w||co(Q) < S satisfies the inequality

\nNg(S) < e,(7V, diamQ) ((dilSif SN(M0(S) + ||A0||co(ñ/

(1.7) V .
x (M2{S))1N2'*+N + M2(S)N In -

(3) The function v{S, e) satisfies the inequality

-]nu(S, s)<02(N, diamQ) (idüa)NSN(M0(S) + \\hQ\\Co(ä))N

x (M2(S))7N2'4+N!2 + M2(S)N'2 In i J .

Theorem 1.2. Let Si cl" be a bounded domain with a C°°-smooth boundary

and f G C°°(E x Q) be an arbitrary function such that

,.      -T7 ,~ .      ,.       M2(S + c/M2(.S))      ,
hm  M2(S = +00   fl«¿     hm        v _ '—^-^ = 1.

Let a >0 and a G (0, 1) be fixed.
There exists an increasing sequence {Sj}^ tending to infinity and a function

8(tV, diamQ) with the following property. For any ho G CQ(Q) and any positive

e < j there exists h G Ca(Q) such that

(1) A-AoGC'(Q)   and   \\h - Aollc«(S) < «•
(2) For a«>> y >  1   í/ze number Nh{Sj)  of C2+a-smooth solutions of the

boundary value problem

j -Au + /(«, x) = A(x)   mQ,

I "Ian = 0,

smcA i/za/ ||«||co(Q) < Sj satisfies the following inequality

lnNh{Sj)<e{N,diamSi)

(1.9)

(dilSifS^iMoiS^ + WhoWco^f

x F2(S,)7Ar2/4+JV + M2(Sj)N+3 In i

Remark 1. Theorems 1.1 and 1.2 can be proven without the assumption that

for any c>0, M2(S + c/M2{S)) = M2(S)(l +o(l)) when 5 -» oc . But proofs
will be more awkward without this assumption.

Remark 2. It will be seen from the proof that the numbers S¡ mentioned in

Theorem 1.2 can be effectively majorized.   So, because of the monotonicity
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of Nn(S) we also have an estimate on In Nn(S) for all S and not only on

toNh(Si).

Remark 3. The proofs of Theorems 1.1, 1.2 are constructive. They allow one

to find explicit expressions for the functions 8i (N, diam Q), Q2(N, diam Q),

and 6(/Y, diamQ) and, thus, to make estimates (1.7), (1.8), and (1.9) com-

pletely explicit.

Remark 4. Let ^(ho, e) denote the set of h satisfying the statements (l)-(3)

of Theorem 1.1 for some fixed ho, e. Let ^ = U£ h ß?{ho, e) ■ It follows

from Theorem 1.1 that %?_ will be an open dense subset of the space of all

Ca-smooth functions on Q equipped with the C°-topology.

Similarly, let ß?{ho, s, {Sj}) denote the set of Ca-smooth right-hand sides

A(x) of (1.3a) such that the statement of Theorem 1.2 holds for them at some

fixed Ao, e, {Sj} . Let

<T=    (J   &(ho,e,{Sj}).

{Sj}

Then %? coincides with the set of all Ca-smooth right-hand sides of (1.3a)

for which the solution set is discrete. Thus, by the Smale-Sard Theorem [13]

%? contains a dense G¿ subset of the space of all CQ-smooth functions on Q

equipped with the C°-topology.
This remark explains the word "generic" in the title of the paper.

The method which we use to prove the theorem can briefly be described as

follows:

Denote the nonlinear operator in the left-hand side of (1.1a) by F(u). Its

derivative at a given point u0 can be expressed as

(1.10) F'(u0)v = -Av+fu(u0,x)v.

Let «o be fixed and some positive reals a, b be given. The space C2+Q(Q)

can be decomposed in a direct sum P¡ © P2, where P\ is a finite-dimensional

space of a known dimension and P2 has the following property. Let v e P2,

and v\dçi = 0, and ||u - «oil ¿2,™ ̂  b/M2(S). Then

(1-11) \\P"(u)\p2v\\L2iñ) > aWv\\LHñy

Using the implicit function theorem we establish a correspondence between

solutions of (1.3) close enough to Wo (in C° norm) and solutions of a certain

nonlinear finite-dimensional equation Th(x) — 0 in a ball in P\ . However

to apply the implicit function theorem we need in particular an explicit upper

estimate of the norm of the operator [F'(uo)\p2]~l : lmF'(uo)\p2 —» P2 , where

P2 and \mF'(uo)\p2 are equipped with C°-topology. This operator is bounded

due to the ellipticity of F'(uo). An explicit estimate of its norm can be deduced

using the standard techniques of the theory of elliptic PDE's.

Let IMICo(ñ) ̂  $ an<l w be a solution of (1.3). Then estimates on ||w||ci(ñ)

can also be derived. Thus, a set of all solutions of problems (1.3) for all h

satisfying (1.2) belongs to a compact subset of C°(Q). This set can be covered

by a finite number of balls in which we can reduce the problem to a finite-

dimensional case. Using such a cover it is possible to reduce a search for the
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perturbation, existence of which is stated in Theorem 1.1, to a search in a finite-

dimensional set for a point such that its projections on certain linear subspaces

will not be near-critical values of the finite-dimensional mappings corresponding

to the unperturbed problem (1.1) in neighborhoods of the centres of balls of

the cover.
To prove the existence of such points we use the result of Yomdin (a quan-

titative version of the classic Sard's theorem) [14, 15] which gives an estimate

on the number of balls of a given radius covering a set of near-critical values

of a smooth finite-dimensional mapping. It should be noted that a number of

authors used the Smale-Sard theorem + the existence of a priori bounds in order

to prove the finiteness of the solution set of a generic nonlinear boundary value

problem (cf. [5, 6, 12]). However, their results are not constructive because the

classic finite-dimensional Sard's theorem is the pure existence theorem.

The proof of Theorem 1.2 is somewhat more intricate. The required per-

turbation of Ao is constructed inductively. At each step a perturbation A, is

constructed as in the proof of Theorem 1.1. It makes N-g „ (S¡) satisfy the

inequality (1.7) for S¡ as in the proof of Theorem 1.1. Moreover, this can

be done in such a way that Nn(Si) for all A close enough to J2'j=o^j would

also satisfy (1.7). So Y^'j=o^j may be perturbed further to make Nx¡+ih (Sj+i)

satisfy the inequality (1.7), etc.
It may occur that for boundary value problems for ordinary differential equa-

tions the estimates given by (1.7), (1.9) can be significantly improved. We con-

jecture that in the case A^ = 1 it is possible to prove upper bounds on Ng(S)

in Theorems 1.1 and 1.2 of the form

Ng(S) < e(lengthíí)(SM2(S))a,

where a is a constant.

However, we believe that for the case of arbitrary N the upper bounds on

Ng(S) in Theorem 1.1 cannot be made polynomially dependent on ||Ao||CO(ä) '

M0{S), Mi(S), M2{S). The reason is that the dimension of the kernel of the
linearized operator can depend on Mi (S) polynomially and that the cardinality

of the inverse image set of a generic value of a quadratic mapping of the unit

ball in Em into itself can be 2m .

It is obvious from the proof that the methods and results of this paper can

be easily generalized for a general class of elliptic operators and boundary con-

ditions.
Another possible way to generalize Theorems 1.1 and 1.2 is to consider a

nonlinear boundary value problem

r -Au + f{u,x,X) = 0   inQ,

( '    } \ m = 0 onÖQ,

smoothly depending on a parameter X. (In the situation of Theorems 1.1 and

1.2 the right-hand side h can be considered as this parameter.) The analogs

of Theorems 1.1 and 1.2 will state that in the e-neighborhood of any A0 there

exists X such that the number of solutions of (1.12) satisfies some prescribed

in advance estimates, similar to (1.7) or (1.9).
This work can be regarded as a work on geometry of nonlinear elliptic oper-

ators on Banach spaces. In this connection, we would like to mention papers
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[17-20, 22]. Although results of these papers are not related directly with our

results, geometric approaches were used there in order to investigate proper-

ties of specific semilinear operators in Banach spaces and, in particular, to ob-

tain results about the multiplicity of solutions of corresponding boundary value

problems when the right-hand side of the equation varies.

2. Some explicit a priori estimates for solutions of
semilinear elliptic equations

Let Pi be a finite-dimensional space spanned by eigenfunctions of a Schrö-

dinger operator -A + tp(x) in Lq(Q) corresponding to its eigenvalues X < Xo

where X0 is a given constant. If <p(x) g C2+q(Q) , then Pi c C2+Q(Q) c Cl(SÎ)_.

Thus, we can consider norms || ||L2 and || ||Ci on Pi inherited from L2(Q)

and Cl(Sl), correspondingly. Obviously, ||w||¿2 < y/jOfllwHco. Because Pi is

finite dimensional there exists an estimate of the type ||w||ci < *{<P, ¿ojIMIl* >

for all u e Pi . In this section we present an explicit expression for x(q>, Xq)

(Proposition 2.3).
The equations (1.3) together with the inequality (1.2) and the assumption

HMllc°(ñ) - S imply the existence of an a priori bound on IMICi(q) • An explicit

upper bound on ||w||Ci(ñ) is given by Proposition 2.2. Hence the set of solutions

u suchthat ||w||co(ñ) - $ of all boundary value problems (1.3) with A satisfying

(1.2) is compact. Thus, it can be covered by a finite number of C°-balls of a

fixed radius. Proposition 2.4 estimates a number of balls of prescribed radii

necessary to cover this solution set.

To prove the inequality ||w||Ci(q) < t(ç», Ao)||w||i2(ñ) f°r u e A mentioned

before, we prove the following proposition, which also will be used to estimate

the C°-norm of a solution v of a nonhomogeneous boundary value problem

J -Av(x) + ç>(x)v(x) = A(x)    inQ,

I v\aa = 0,

in terms of L2-norm of v and C°-norm of A. We prove this proposition

using well-known techniques introduced by De Giorgi. Some results similar to

the result of this proposition and other methods of proving results of such type

can be found in [3, Appendices 5-7] (see also references there).

Proposition 2.1. Let v e C2(ñ) (i.e., v\da = 0) and \Av(x)\ < A\v(x)\ + B for

some A > 0, B > 0 and for all x eSl. Then

(2.1) \\v\\c0{^ <max|^, C(A0v^"/2IMILÍ(ñ)} >

^3   forN=\,

where

(2.2) C(N) =
i(Ar + 2)"/2+'™-'/-"       for N > 2.
2VJ' T *■! ^N JN/2-1

Here wN = 2nN/2/{Nr(N/2)) is the volume of the unit ball in RN and Jn/2-\

is the first zero of the Bessel function of order (N/2 - 1).

Remark. The value of C(N) given by (2.2) can be significantly improved (for

example, using a symmetrization).
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Proof. First, suppose that v g Có°°(Q). Consider a component of the set {x G

Q|v(x) t¿ 0} . Denote it by Q'. Without loss of generality we may assume that

v(x) > 0 for any x G Q'.

Let

Dß = {x G Q>(x) > ß},    X(ß) = f (v(x) -ß)dx,
JDß

meas(/3) = the measure of Da,    S = maxu(x).
xesi'

By the Cavalieri principle

X(ß) = [ {v(x)-ß)dx= í meas(í) í/r*.
Jd„ Jb

Henee

(2.3) X'(ß) = -meas(ß).

Note that if ß is not a critical value of v then dDß is smooth. By Sard's
theorem the set of critical values of d is a set of zero measure. Up to the

formula (2.6") we will assume that ß is not a critical value of v .

By Schwarz's inequality

(2.4) Kß)< [ {v{x)-ß)2dx
JD»

1/2

meas(/J)1/2.

By the minimax property of eigenvalues

(2.5) / (v
JDS

(x)-ß)2dx <
Vkm IJDa

I 1/2

grad v(x)dx

where Xmin(ß) is the minimal eigenvalue of -A in Dß with zero Dirichlet

boundary conditions. By the Faber-Krahn inequality (cf. [2, Theorem 3.8])

(2.6) Armn(£) >
7r2/(meas(/J))2, /V

JwN/meas(ß)]2/Nj2N/2_lt    N>2.

Applying Green's formula we get

(2.6')

1 ¡i¿        i-
/   grad2v(x)dx       =\        —Av(x)(v(x) - ß)dx

JDß J y ¿Dß

(x) + B)(v(x) -ß)dx< (AS + B)xl2Xx'2(ß).

Combining (2.6) and (2.6') with (2.5) and afterwards substituting the result-

ing inequality into (2.4) we get

where

X(ß) < C2(N)(AS + B) meas(ßfN+2)/N,

Ci(N) =
w

-UN ,-1

'N/2-1

for N = 1,

for N > 2.
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Thus,

-X'(ß) = meas(/J) > [Cf(N)(AS + B)]-N^N+2^X(ß)N^N+2^,

i.e.,

(2.6") X'(ß) < -[C2(N)(AS + B)]-Nl(N+2)X(ß)N^N+2)

if ß is not a critical value of v . So, (2.6") holds for almost all ß . It follows

from the monotonicity of X that there exists an inverse function ß(X) : [0, X(0)]

—> [0,5]. Rewriting (2.6") as the inequality on ß'(X) and integrating it we

can prove that for any X G [0, X(0)],

(2.7) ß(X) > 5 - [C2(N)(AS + B)]N«N+V?t±lx2«N+2l

Hence

(2.8) 0 = ß(X(0)) > 5 - [C2(tV)(^5 + B)f^N+2^ fy + l) X(0)2'{N+2).

It follows from (2.8) that

(2.9) \\v\\vm ̂  X(0) > (y + 1J C;N(N) (A + -J        5.

But

(2.10) \\v\\LHa.) < \\v\\L2{v)VW\ < \\v\\L2(ä)\/\n\.

Combining (2.9) and (2.10) we get

2-N/2C(N)^ASi\AN/2\\v\\    - > _luces')_

for any connected component Q'. Hence

,2,»   2-«»cmvmA«»M„m >. (1+B/;:;xi5i)r,,

If lh||co(ñ) > B/A, then it follows from (2.11) that

2^2C(N)VW\AN'2\\v\\LHU) > ^

which implies (2.1).

Now let us prove Proposition 2.1 for the case of arbitrary v e C2(Si) . For

any s>0 we can choose a function ve G Co°(Q) such that \\v - ^e||C2(Q) < £ ■

Hence

\AvE(x)\ < A\ve(x)\ + (B + (A + N)e).

We already proved Proposition 2.1 for all C°°-smooth functions. So

B + {A + N)-,C(N)\Si\^2AN'2\\v£\\L2{çi)).

V\\c°(íl)

\Ve\\rn,ñs < max '

Passing to the limit at e —> 0 we get (2.1).   G
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Proposition 2.2. A solution u of the problem (1.3a-b) satisfying the inequality

HMllc°(£2) - S a^so sat^sfies tne inequality

(2.12) |gradW(x)|<u;-1/A'|Q|1/A,(Mo(5) + ||A||r0inJ,C {il)'

for any x G Q.

Proof. Integrating (1.1) we get

u(y)= / G(x,y)(f(u(x),x)-h(x))dx,
Ja

where G(x, y) is the Green's function for Q. In the particular case p - 1,

Weinberger's estimate (cf. [2, Theorem 2.5]) implies that for all x G Q,

/ \gradG(x, y)\dx <w-l/N\Si\*/N.

But if IMIco(ñ) - ^ tnen> by me definition of M0(S), \f(u(x), x)| < M0(5).

Hence

|gradw(x)|< (j |gradG(x,.y)|í¡ÍH Í max\f(u(y), y)\ + ||A||c„(n) J

<wHN\Si\i/N(Mo(S) + \\h\\CO{U)).   D

Proposition 2.3. Let u(x) be a linear combination of eigenfunctions of the op-

erator -A+ (p(x) in Lq(Q) corresponding to eigenvalues X¡ such that X¡ < A.

(Here <p(x) G C2+a(Q), A is a positive constant.) Denote the number of such

eigenvalues counted with their multiplicities by m (A). Then

(a)

(2.13) \u(x)\ < C(N)[\\(p\\c0iïi)+A]Nl2\Si\l/2m(Ay'2\\u\\L2{Uy

(b)

(2.14)
|gradw(x)| < C(N)w-l/N\Si\lí2+llNml'2(A)[\\<p\\c0(ñ) + Af'2+i\\u\\L2{Uy

where C(N) is given by the formula (2.2).

Proof. Let u = ^í/u^a} aiui > where u¡ are the eigenfunctions of the unit

L2-norm corresponding to the eigenvalues X,. For any of the functions u¡ the

following estimates take place:

(2.15) |M;(x)| < C(N)^\SÏ\(A + MC0{^2,

by Proposition 2.1. and

(2.16) |gradMí(x)|<tt;^1/Af|Q|1/JV(A+||^||CO(ñ))||MI|lco(ñ);

by Proposition 2.2.
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Now note that

«(A)

E q'm'(;
1=1

'm(K)

| Y, N ] max|w,(x)|

< m1/2(A)max|w,(x)| x

= w1/2(A)max|w,(x)| \\u\\L2(ñ)

\

m(A)

£ m2
i

Part (a) follow now from (2.15).
Similarly, part (b) can be deduced from (2.15), (2.16), and the inequality

lZ7ll)\oíl\<^ímJÄ)^|r^2l.   □

The next proposition shows how many balls of a prescribed radius in C°(Q)

are a priori sufficient to cover the set Qs defined as

Qs = _U {MGC2+Q(Q)|||M||C0(S)<5

{Aec°(ñ)ipiic0(¡5)<£}

and m is a solution of (1.3)},

and considered as a subset of C°(Q). We assume here that 0 < e < 1.

Proposition 2.4. There exists the constant ^(A^diamQ) depending only on N

but not on e, f, S, p(S) with the following property. Let p(S) > 0 be given.

Then there exists a cover of Qs by balls of the radius p(S) in C°(Q) such that

(a) Denote the number of the balls of the cover by NB(S). Then

InNB(S) <X(N, diamQ) ^(Mo(5)+l)\N(<fflQ)^

(b) The centers of all the balls of the cover lie in Q.

Proof. It follows from Proposition 2.2 that for any 5,

QscQ's^{ueCl(Q)\ ||u||c0(n) < 5,

\\Du\\CO{ïi)<w-l/N\Si\l'Nx(Mo(S) + l)}.

The techniques from the Kolmogorov and Tihomirov work [9] used to prove

Theorem XIV there can be used to construct the cover of the set Q's by balls of

the radius ¿p(S) with centers in C°(Q) satisfying part (a) of Proposition 2.4

for some constant *(tV, diamQ). Let us sketch the idea of the construction.

Denote
w-Nl/N\Si\ifN(Mo(S) + l)

by Mi(S). Considera p(S)/(S const! (yV)dilQMi(5))-net NT for Q and in

Q such that all distances between points of the net are not less than

p(S)/(S const, (tV) dil SiMx (S))

(where const](TV) > 1   is a constant which will be defined later).   It can be
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easily shown that there exists a net satisfying these conditions and containing

const2(5(7V,(5) + 1) dil Q/p(S))N points (where const2 is some fixed constant

depending only on tV and diamQ). We assume that NT is such a net.

For any function u £ Si's all its values on Q are defined up to the accu-

racy p(S)/S (actually, even up to the accuracy /?(5)/(8 const, (tV))) by val-

ues of u at points of the net. If only approximate values of u at points

of the net up to the accuracy />(5)/8 are known, then the value of « in a

point of Q is defined up to the accuracy p(S)/4. So, we consider only a

discrete set D = {;>(5)/8 const,(A^)}58=c0onstl(;v)S/p(5)] of possible values of u

in every point of the net. We will call a mapping y/ from NT to D ad-

missible if it can be obtained by the following way. Let u be an arbitrary

function from Q's. For every point xo G NT we define ^(xo) as the clos-

est to u(xq) point in D. We will call two points of the net close if the

balls of radius />(5)/(8const,(7V)dilQiWi(5)) centered at these points have

a nonempty intersection. Note that the difference of the values of any u e Q's

at any two close points does not exceed p(S)/(4const,(N)). So, a mapping

NT —> D is admissible only if its values in close points differ by not more

than p(S)/(2const,(N)). Thus, the number of admissible mappings of NT

into D does not exceed ([8const,(yV)5/>(5)] + i)9™™t2{S{M0{S)+i)di\ii/P{S)f _

Given a mapping y/: NT —> D such that its values in close points differ

by not more than p(S)/(2const,(N)), we can construct, using a partition of

unity, a function A on all E^ which assumes prescribed values at prescribed

points and has a gradient with the norm bounded by const3(yV)dilQM,(5).

Here const3(Ar) is a constant which does not depend on const, (N) . Now let

const,(N) = max-jconsts^), 1}. It is easy to see that restrictions of all such

constructed functions A on Q form the set of the centers of the balls of a

necessary cover of Q's .

This cover will also be a cover of Qs . Now consider only those balls of the

cover which have nonempty intersections with Qs . For every such ball B we

consider a point xB G B n Qs and a ball B' of the radius p(S) and centered
at xb ■ The union of all such balls B' is a necessary cover.    D

3. Generalized Lyapunov Schmidt procedure

In this section we introduce the direct sum decompositions briefly mentioned

before. These decompositions will be used to reduce the problem (1.3) locally

to a finite-dimensional equation 7o(x) = 0. We find some upper bounds on

the norms of the first and the second differentials of Th . We also study here

how Th depends on the right-hand side of the equation (1.3a).

Let «o be a solution of the problem (1.3) with a right-hand side A such

that || A ||co(ñ) < e . We consider the decomposition C2+a(Q) = u0 + Pi © P2,

(regarding C2+Q(Q), P,, P2 as subspaces of L2(Q)), where P, is a finite-

dimensional space spanned by all eigenfunctions of the operator F'(uq) = -A +

fl(uo(x), x) on Lq(Q) corresponding to eigenvalues X such that X < a +

b, where a and b are positive constants which will be defined later. This

decomposition has the following useful properties:
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Proposition 3.1. Let ||wollco(ñ) - $ ■

(1) There exists a constant C,, depending only on N suchthat

(3.1) dimP, <Cu(a +b + Mx(S))N'2(diamSi)N.

(2) For any u G C2+Q(Q) such that ||w — «ollz,2(ñ) < b/M2(S), and ||«||co(ñ)

< 5, and for any w g P2 such that w\dSÏ = 0 ;

(3.2) \\F'(u)w\\L2{Ti)>a\\w\\L2{ñy

(3) For any u G C2+Q(Q) such that ||w-«ollL2(ñ) - b/M2(S), and ||w||co(ñ)

< 5, and for any w e P2 such that w\dci = 0 ;

WF'WwWcofi) ^ IMlco^min iMi(S) + a + b ,

(3-3) L a

C(N)\Si\(Mi(S) + a + b)N'2r

(4) Every function h G P, satisfies the inequality

(3-4) ||A||C1(S) < const(iV, diamQ) • (dimPO^IIAli^M^) + a + A)"/2+1,

with an appropriate constant const(7V, diam Q).

Proof. To prove (3.1) we use the monotonicity properties of eigenvalues. First

note that for every i,

(3.5) X¡(-A + fu(u0(x), x)) > Xt(-A - MX(S)).

Furthermore, X¡(-A - Mi(S)) can be minorized by the /'th eigenvalue of

-A —Mi(5) on Lq(Q') , where Q' is a ball of radius diamQ comprising Q.

This yields (3.1).
To show (3.2) note that by the definition of P2 for any v e P2 such that

v\9si = 0,

(3-6) \\F'(uo)v\\L2{U)>(a + b)\\v\\L2{^.

Hence for any u such that ||w - wollen) ^ b/M2(S),

II*"(«)«IIlí<5) * ll^'(Mo)«llL2(ñ) - \\(F'(u)-F'(uo))v\\L2{Ii)

(3.7) / b    \
>[b + a- M2(S)y-^J \\v\\L2{U) = a\\v\\L2(ñ).

Here we used the obvious fact that ||£>2P(w)|| < maxx€^ \f¡¡u(u(x), x)\. This

completes the proof of (3.2).
In order to prove (3.3) denote F'(u)w = -Aw + fú(u(x), x)w by ô(x). So,

|Au;(x)|<M,(5)Mx)| + ||á||CO(ñ)

<(Mi(S) + a + b)\w(x)\ + \\o\\CO{ñy

It follows from Proposition 2.1 that

(3.8)

IMI^g, < max | Mi{S)+C™b . C(N)^SÏ\(Mi(S) + a + A^IMI^ |.
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But according to (3.2)

\/¡Q"í
IHIL2(ñ) < H¿ll¿Wa < ll^llco(n)^-

Substituting this inequality into (3.8) and rewriting the resulting inequality

as the estimate on ||¿||c0(ñ) we 8et (3.3).

The part (4) follows immediately from Proposition 2.3.   D

Below a and b in the definition of the direct sum decomposition will depend

on the upper bound 5 for ||wollco(ñ) and will be denoted a(5) and b(S).

We need a quantitative version of the Implicit Function Theorem in Banach

spaces. Proposition 3.2 is a modification of the Implicit Function Theorem

from [10, p. 59].
Let X, Y and Z be Banach spaces and G a C2+a -smooth mapping XxY —>

Z   (a > 0). Let x0 G X , y0 G Y , G(x0, yo) = ¿o ■

Suppose \\DGy(xo,yo)\\ < C,, \\D2G(x,y)\\ < C2 for x G Pro(x0), y G
Bro(yo) > where r0, C, , C2 are given positive numbers and Pr„(xo), Bro(yo)

denote balls of radii r0 around xo and yo in corresponding spaces. Let A =

DGx(xo, yo) be an isomorphism of X onto Z .

Put

3
(3'9) S= 32p-i|pC2(2p-1||C,+ 1)'

(3-10) r = min{4M-'||C2(2M-H|c, + i)'r°}-

Let zi £ Z , ||z, - zoll < ô .

Proposition 3.2.

(i)  There exists a unique (continuous) mapping «(Zl) : Br(yo) —> X such that

G(v^(y), y) = z, and for any y G Br(y0),

v(zx)(y) e P(2|M-i||c,+i)r(*o).

(ii)   v(z,) is C2+n-smooth and

(3.11) Dvyz'\y) = -[DGx(v(z,)(y), y)]-1 o DGy(v^\y), y).

(iii) For any y G Br(y0),

(3.12) ||v<*>00 - xoll < \\y - yo\\(2\\A-l\\Ci + 1).

Proof. It follows closely the proof of the Implicit Function Theorem in [10,

pp. 59-62]. One should only choose specific values of the constants mentioned

there.

Namely, we may assume xo = 0, yo = 0, z0 = 0. Let

The inequality for e and (3.10) imply that

||DGx(0,0)-JDC7^(x,>;)||<
2IL4-M

for any xgP£(0), y G Br(0),



148 ALEXANDER NABUTOVSKY

Hence, as it is shown in [10] for any triple x,, x2 G BE(0), y G Br(0),

||(x, - A-\G(xi, y) - z,)) - (x2 - A-\G(x2, y) - z,))||

< 2-11*1-*2||.

Let the mapping g be defined by the formula

g(x,y) = x-A~l(G(x,y)-zi).

For each y G Pv(0) this mapping can be regarded as a mapping of BE(0) c

X into X. The inequality (3.14) shows that this mapping is a contraction.

Suppose now, that in addition to (3.13)

(3-15) r<——£——,        ||z,||<

Then

Hence

2p-i||C + r     " '"-sp-'ipiM-'ilQ + i)-

\\zi\\ + Cir+^f\\\A-'\\<e-.

\\g(x,y)\\ < \\g(Q,y)\\ + \\g(x,y) - g(0, y)\\ < ¿ + ¿ = e.

Thus, for each y e Br(0) g(-, y) maps Be(0) c X into itself. Hence, by the

Strict Contraction Mapping Principle it has a unique fixed point. We can take

this point to be v^Zx\y). Note that we can choose e = (2\\A~l ||C, + l)r, where

r is defined by (3.10). The continuity of v(z^(y) and (ii) are proven in [10].

To prove (3.12) note that if ||^|| = r, < r, then we can take r,(2||^_1||C, + 1)
for e, and this e will satisfy (3.13). The proof above shows that v(z°\y) G

P£(0) also for this e , which proves (3.12).   D

Suppose now that some a(S), b(S) > 0 are fixed, ||wo||co(q) < S, Pi and

P2 are defined as at the beginning of this section. Let us introduce the space

P2° = {MGP2|M|oi2 = 0},

and denote by mUo(S) an upper bound Cn(a + b + Mi(S))N/2 on dimP, which

follows immediately from (3.1). Here the constant C,2 depends on tV and

diamQ only.
Let g, =F'(u0)(Pi)©CokerP'(w0) and Q2 = F'(u0)(P%). Obviously, Q, ®

02 = C°(ñ).
We shall consider P,, P2 , Ö,, Q2 as normed spaces with C°-norm or with

L2-norm. Correspondingly, linear mappings between these spaces will be equip-

ped with C° or L2-norm.

Let 71q¡ , tcq2 denote operators of orthogonal projection onto Q¡ and g2,

respectively. Applying 7tQt and kq2 to the problem (1.3) we can replace it by

the following equivalent system:

(3.16) Í nQlF(ui, u2) = nQlh,

(3.17) \ 7iQ2F(ui, u2) = nQlh.
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Now we want to apply Proposition 3.2 to the mapping uq2 op : P1? x P, -+ Q2,

where all three spaces P2 , P,, and Q2 are assumed to be equipped with C°-

norms. Proposition 3.1 (3) implies that

(3.18)
M-'II^IKD^oP)! „)-'(Mo)||Co

< max
C(N)\Si\(Mi(S) + a(S) + b(S))N/2ï

Mi(S) + a(S) + b(S)' a(S) J

where C(N) is given by (2.2).

\\DGy(xo, yo)\\ = sup || - Av + fl(u0(x), x)v\\c<¡(Ti
{ven I INco(5)=i} '

< sup || - Av + ./¿(woM , x)v ||£2(5)

{vePi\ WvWtf^y/Wft

■ C(N)V\SÏ\mU0(S)l'2(Mi (5) + a(S) + b(S))N'2,

by Proposition 2.3(a). Hence

||Z)Gy(x0,y0)ll <C(7V)|Q|mU0(5)'/2(M,(5) + û(5) + è(5))^2+1

< C(iY, diamQ)(M, (5) + a(S) + b(S))3N'4+l

for an appropriate constant C(N, diamQ).

The right-hand side of (3.19) can be taken for C, . And

(3.20) ||£>2C7(x,y)\\< M2(S) < M2(S).

We take 5- ||wollco(ñ) f°r ro • Thus, formulae (3.9), (3.10) can be written

as follows. Denote

(3.21)

kab(S) = max I
1 C(/V)|Q|(Mi(5) + a(5) + A(5))*/2]

M,(5) + a(5) + A(5)' a(S) J"

Then for some positive C}(N, |Q|), C^(N, |Q|) which can be written explicitly

(3.22)

S(S) = C3(tV, \^\)k2b{S)^i{S){kab{S){Mx{S)^a{S) + b{S)?Ni,+i + f) >

and

(3.23)

r(S) = C4(N, |Q"
Ä:aÄ(5)M2(5)(A:aft(5)(M,(5) + ö(5) + A(S))™/«+' + 1)

can be considered as <5 and r in the statement of Proposition 3.2 if only

r(S) < 5 - ||«ollco(ñ) • The application of Proposition 3.2 yields the existence

of mappings: y/-h: B^S)(nPi(uo)) -» P2°, where B^S)(nPi(uo)) denotes the C°-

norm ball around 7iPl(u0) in P, of radius r(5) and ||A - AH^-g, < S(S), such

that

(3.24) nQ2F(ui,y/h(ui)) = nQ2h.
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Moreover, y/-h(ui) is the unique solution u2 of (3.24) in the ball P(2||^-i||c1+i)r

around nPo(uo) in P^ (see (3.18), (3.19) for the estimates of ||^4_1||, C,). Let

T-h: B^)S)(nPl(uo)) -* Q\ be defined by the formula

(3.25) Th(ux) = nQlF(ui, y/-h(ui)) - nQlh.

We have proven the following proposition:

Proposition 3.3. Let F(uq) = h. Suppose ||wollco(n) - ^ ~ r(^) ■ F°r any

h G Ca(Q) such that ||A - À||c0,g, < ô(S) the cardinality of the set of solutions

u G Cq+q(Q) of the boundary value problem F(u) = h such that ||M-wollco(n) <

r (S) does not exceed the cardinality of the solution set of the equation T-h ( u, ) = 0

in the finite-dimensional ball B^S)(nPl(uo)) in Pi.

Now we would like to estimate the first and second derivatives of T-h and to

obtain some information about the dependence of Th on h .

Let

(3.28) Aab(S) = 2(kab(S)(Mi(S) + a(S) + b(S))iN"+i + l).

It follows from Proposition 3.2 that

(3.29) ||ui -at»,(uoîllco^)+ ll^("i)-^(Mo)||Co(g) <r(S)Aab(S).

Note also that F'(uo) is a selfadjoint operator on Lq(Q) . Hence Co+a(Q) D

KerP'(«o) = CokerP'(«o) • Thus, P, = ß, , and all estimates on elements of

Pi hold automatically for elements of Q, .

Proposition 3.4. Assume that

(3.30) r(S) <
M2(S)Aab(SY

Then for any such h e Ca(Si) that

\\h - h\\c°(ñ) ^ 5(S) '    f°r any "i e B%S)(tiPi (M0)) :

(a)

(3.31) \\DTh(ui)\\L2{ïi) < max{M,(5), a(S) + b(S)} + ^§|(«(5) + b(S)).

(b)

(3.32) ||Z)2rÄ(M,)||L2(g)<M2(5)(l + ^||)   .

Suppose now that <5, > 0 is a given constant and A,, A2 G CQ(Q) satisfy

\\hl-h\\CO{U)<ô(S)   (/G {1,2}),  \\hi - h2\\c0{ïi) < Si . Then

(c)

(3.33) ||PAl(Ml) - rÄ2(Mi)||L2(n) < ôi (l + £j|j) vloî,
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(d)

(3.34) \\DTh¡(ui)-DTh2(ui)\\L2{U)<Si^-^ + ^j   y/\Q\-

Proof. Note that by the Implicit Function Theorem (Proposition 3.2(a))

P>W-h(ui) = -(7tQ2DFPo(ui, u2))~l(nQ2DFPl(ui, u2)),

where u2 denotes y/-h(ui).

Hence

DTh(ui) = (nQ¡DFPl(ui, u2)) - (nQlDFp0(ui, u2))

(3.35) _. 2
x (nQlDFPo(ui, u2))  l(7iQ2DFPl(ui, u2)).

Estimate now ||7ra.DFpl(«i , u2)\\Li,  i G {1, 2}, and \\71q{DFpo(ui , w2)||/_2

for w, G B^)sJnPl(uo)). For any i> G P, ,

\\tiq2DFp¡(ui , «2)«||L2(g) < ||(7rß2Dpp,(i/i, u2) - nQ2DFPl(uo))v\\L2{U)

= \\^Q2({fú(uÁx) + MX) , X) - fl(Uo(x) , X))u)||L2(g}.

Hence

\\tiq2DFPi(ui , u2)\\L2 < M2(5)||«i -nPl(uo) + U2 - ^o(wo)||co(ñ)

< M2(5)r(5)Aûft(5).

Here we used (3.29) (recall that u2 = y/-h{u\)). Thus,

(3.36) \\7tQ2DFPi(ui, u2)\\L> < M2(5)r(5)Aaè(5).

Similarly,

\\nQlDFPl(ui, u2)\\Li < \\7iQlDFPl(7iPl(u0) + nPo(uo))\\L2

(3.37) + M2(5)||w, -nP¡(u0) + u2 - ^o(Mo)||co(g)

< max{M, (5), a(S) + b(S)} + M2(S)r(S)Aab(S).

(3.38) \\nQlDFPo(ui, u2)\\L2 < M2(S)r(S)Aab(S).

Note that because of the assumption (3.30)

(3.39) M2(S)r(S)Aab(S) < b(S).

Hence

(3.40) \\(nQ2DFPo(ui, u2))~l\\L2 <    ,„. ¿ ,,_,.—.. ...  ....    ... <
a(S) + b(S) - M2(S)r(S)Aab(S) ~ a(S)

Formulae (3.35)-(3.40) imply that

(3.41) \\DTh(ui)\\L2 < max{M,(5), a(S) + b(S)} + b(S) + ^.

To prove (b) note that

\\D2Wh(ui)\\L2 <\\(nQlDFPo(ui , u2))~l\\L2

X (||7I02Z)2pp|p1(Mi , M2)||L2 + 2\\7lQ2D2FPipo(Ui , W2)||L2

X   \\Dn(Ul)\\L2  +  ||7te2£>2PpOpo||Z.2||P>^(M,)||22
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Hence

«,^(1+iD2
Now, differentiating (3.25) and taking into account (3.36-3.40), (3.42) we get

(343)   »^^0+l)!^-W'+iií

=^)(.+ü)J.

which proves (b).
Let now A,, A2 satisfy the constraints of Proposition 3.4. Then

7Zq2F(ui, y/hi(ui))-7iQ2F(ui, Wh2(u\)) = nQl(hx - h2).

So,

7tQ2(hi -h2)

= /   TiQ2Dp0F(ui,ty/h{(ui) + (\-t)\i/h2(ui))(\i/hl(ui)-y/h2(u2))dt.
Jo 2

Note that

nQ2DpoF(nPl(uo), y/j¡(nPl(uo))) = DPoF(nPl(u0), y^(nP](u0))),

(here \pj¡ means y/-h for h = h) and for any v G P2° ,

\\DPoF(nPl(uo), vtfnPi(u0)))v\\LHÏi) > (a(S) + b(S))\\v\\L2{ñ).

Thus

s/^i\ôi\\y/h{(ui) - y/h2{u\)\\L2(ä)

> (7iQ2(hi -h2), y/hí(ui)- ^/,2("i))¿2(ñ)

= (DPoF(nPl(uo), Vj(nPi(uo)))(Vh{(u\) ~ ¥h2(u\)), ^»,(«0 - Va2("i))lj(q)

+ ( / «a([/'("i + *Va,("i) + (1 -Ov/i2("i),*)-/'(wo,*)]

X  (V*,("l)- V*2(«l)))rfí,  Wi,("l)-^2(Ml)]

/ ¿2(ñ)

2 A/CMI,,,    /.,  \       .,/    t..  M|2> (a(S) + A(S))||^,(«,) - WhMWL2(ñ) - A(5)||^,(m,) - ^("Oll2^

= a(S)\\y/h(ui) - y/h2(ui)«2

Therefore,

(3.44) ||^,(Ml) - ^2(M,)||L2(ñ) < ¿i|Q|1/2/û(5).

Now

IIT»,(«l)-  Th2(U\)\\L2(ñ)

(3.45) = ||^Qi(P(mi, y/h[(u\))-F(ui, y/hl{u\)) - 7te,(A, -A2)||i2(g}
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(Here we used (3.38), (3.39), (3.44).) This proves part (c) of the proposition.

It follows from (3.35), (3.44) and (3.36)-(3.40) that

This implies (3.34).   D

Now we fix a(S), b(S). Let

(3.46) a(S) = M2(S),        b(S) = C5(N, |Q|)M2(5),

where M2(S) is defined by (1.5) and the constant C$(N, |Q|) will be de-

fined later. Then there exist constants C6(N, |Q|), C6(N, |Q|), Q(N, |Q|),

C8(tV,|Q|), C8(AMQ|) suchthat

(3.47) C6(N, \Si\)(M2(S))N/2-1 < kab(S) < C6(N, \Si\)(M2(S))N/2-1,

(3.48) S(S) > Cy(N, \Si\)(M2(S))-^4-^ ,

(3.49) r(S) > Q(N, |Q|)(M2(5))-7^4,

and

(3.50) r(S) < Ct(N, |Q|)(M2(5))-™/4,

provided that ||«ollco(ñ) <5-C8(Ar, \Si\)(M2(S))-1N/4 . Hence, asymptotically,

when 5 -» +oo ,

r(S) <        b{S)
{  > - M2(S)Aab(S) '

because the right-hand side > Cg(N, |Q|)(M2(5))-5iV/4 . Here we used

(3.51) Aafc(5) < Cio(N, |Q|)(M2(5))5/V/4.

Formulae for C$(N, |Q|) - C,o(Ar, |Q|) can written explicitly but they in-

clude the constant Cs(N, \Si\) which is not yet defined. It can be easily seen

that for any fixed 5, r(5)M2(5)Aa6(5)/A(5) - 0 when C5(Ai, |Q|) -♦ +oo.
Hence we can find and fix a large enough C5(7Y, |Q|) such that (3.30) holds for
all 5. Now we can conclude from Proposition 3.4 that there exist constants
C,4(7V,|Q|), Ci5(tV,|Q|), C,6(tV,|Q|), Ci7(N, |Q|) suchthat

(3.52) \\DTh(ui)\\L2 < Ci4(N, |Q|)M2(5),

(3.53) ||Z)2rÄ(M,)||L2 < C,5(/V, |Q|)M2(5),

and for hi, A2 such that ||A, -A2||c0(ïj) < <5,, ||A(-Ä||CO(n) < ô(S)  (i G {1, 2})

(3.54) \\Thl(ui)- Th2(ui)\\Ll(ú) < Ci6(N, |Q|)á,,

(3.55) \\DThl(ui) - DTh2(ui)\\L2 < Cn(N, |Q|)á,.

4. Number of solutions of a set of finite-dimensional equations

with a common generic right-hand side

We showed in the previous section that the number of solutions of the prob-

lem

,x) = À(x)    inQ,Í -Au + f(u,

I u\dn = 0,
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(where ||A- A||c0(g} < S (S), IIAH^gj < e) suchthat ||w-«o||c°(ñ) < r(S) does

not exceed the number of solutions of the finite-dimensional equation

(4.2) 7iQlF(ui,y/h(ui)) = nQlh,

in the ball B^}S)(nPi(uo)) in P, . Recall that «o is a solution of (1.3a,b) such

that \\u0\\CO{Ti)<S-r(S); S(S) and r(S) are given by (3.22) and (3.23). When

a(S) and b(S) are defined by the formula (3.46), S(S) and r(S) satisfy the
inequalities (3.48) and (3.49), (3.50), respectively.

We would like to choose h in such a way to make the number of solutions

of the perturbed problem (4.1) small. This means that we should choose A to

make the numbers of solutions of a set of finite-dimensional equations (4.2)

small. (Every equation in this set corresponds to a function «o which is an

element of a certain net in the a priori solution set. See §5 for more details.)

Thus we come to the problem a simplified version of which can be stated as

follows.
Let l™clf, i G {1, ... , K} , be K linear subspaces of a Euclidean space

W . Let <p,■ : Em D Bp -> Ef be K maps from a ball of a radius p around the

origin in Em into Wf . We would like to find <JeE" such that |£| < e and

the total number of solutions N^ of all equations <p¡(x) = n^S, (considered

separately) is the smallest possible. Suppose such Ç is found. What can be said

about Ñsl
The case K = 1 of this problem was considered in [16] (even in much more

greater generality). The considerations there were grounded on the quantitative

version of the Sard's Theorem proven in [14] (see also [15]). We present here

an immediate corollary from this theorem (Theorem 4.1). The results of [16]

can be easily generalized for the case of K > 1 and an upper bound on Nç in

the mentioned problem can be found.

However, we should deal with a bit more intricate technical problem below.

One difference is due to the fact that the mapping of the left-hand side of

the equation (4.2) depends on the right-hand side (via the mapping y/~h(ui)).

Another difference is that for some technical reasons we would also like to

ensure the existence of some ball around £ such that for every £' from this

ball the same estimate on Nt, as on Ñ¿ will hold. (The projection of A on a

finite-dimensional space to be defined later plays the role of £ here.) The third

difference is due to the fact that we look for f not in the ball of a prescribed

small radius but in a convex subset of the ball. (This subset arises because the

topology in the Euclidean space corresponds to L2-topology in the functional

space, and this subset corresponds to a set of functions close to zero in C1-

topology. We cannot derive any lower bounds of its volume and, so, need

geometric Lemma 4.3 which makes possible to compare the volume of this

set with a volume of a "forbidden" set corresponding to "bad" perturbations.)

Nevertheless, one can cope with these additional features of the problem using

the approach based on the quantitative Sard's theorem. As a result we get

Lemma 4.4 which is the main ingredient in our proof of Theorems 1.1 and 1.2.

First consider a ball B™ of radius p > 0 in a Euclidean space W" . Let

tp: Bp" ^Rm be a C2-smooth function. Let R¡(<p) denote
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Z(ç9,A) denote the set {x G P™|minv€Rm;|„|=, \D<p(x)v\ < X}, and A(p,A)

denote g>(L(y, X)).
The following theorem is a direct corollary of the quantitative Sard's theorem

proven in [14].

Theorem 4.1 [14, 15]. There exists a universal constant Co > 0 such that for

any positive e the minimal number of balls of radius e sufficient to cover the set

A(<p, X) (we denote this number by M(<p, X, e)) satisfies the following inequality:

(4.3)

M(<p,X,e)<Q T ( *'W V ímaxí^M
¿j \mui{R2(<p)WP, e})   \       \    e

;Ri(ç,)\m-lx

Proof. Put k = 2, n = m and A, = • ■ • = A„_, = P,(ç>)//>, X„ — X in Theorem
9.2 in [15] (or Theorem 4.5 in [14]). Further, note that it follows from the proof

of Theorem 9.2 in [15] (or of Theorem 4.5 in [14]) that the constant C, there

grows with m not quicker than exponentially when n = m , k = 2 (in terms

ofTheorem9.2in[15]).   D

Remark. It is easy to verify that the right-hand side of (4.3) increases with

Ri(q>) and R2(<p). So, (4.3) will be true if we replace Ri(<p), R2{(p) by some

upper bounds.

Lemma 4.2. Let C, H > 0, and K g N be fixed constants and for i = I, ... , K
<p¡: B™ -» Ew be C2-smooth mappings. Let Rj = max,P7(ç3() (;' G {1, 2}).

Suppose a positive y is given such that

(4.4) y<RiC0,

(where Co is the same as in the text of Theorem 4.1).

Suppose that K linear isometric embeddings x¡: Em —> W (where m <

p < Km) are given and subspaces Im^, (i G {1, ... , K}) span together W .

Denote by /i, : W —> Im Xi orthogonal projections on these subspaces.

Further, we define £o by the formula:

mo Í y2m-(T(m/2+\))2 \
(4.5) e0 = mm <-^-        '—r—-, P2 > ,

\ 16 • 9m • C2'"(w/2)"IP2m-2P2(C + l)2Km+2       J

and a* by the formula

(4.5') Ô* = |.

PAe« there exists ¿o G Ep such that

(a) |&|<y;
(b) Let <pe\ , Va, ■■■ , <PzK be K  C2-smooth mappings B™ -> Rm such that

for every i < K   \\q>, - ç?e;||Ci < Ce0 and \\D2(p,-¡\\ < H. For any i < K



156 ALEXANDER NABUTOVSKY

and for any ¿¡ G M.p such that \£¡ - ¿¡o\ < Co the cardinality of the inverse

image set (x¡ ° <pei)~l(ßi(£)) does not exceed (2(p + â*)/ô*)m , and a

distance between any two elements of this set is not less than ô*.

Proof. We shall prove this lemma in two stages. First we shall prove that there

exists £o satisfying (a) and such that for any £, satisfying |¿; -^0| < £o and for

any mappings <pe¡ satisfying the conditions of the lemma

(4.6) dist(/j,(0 , X(A(<Pu , e0))) > £o,

for any i e {1, ..., K}. Secondly, we will prove that (4.6) implies (b).

To prove the existence of £o satisfying both (a) and inequality (4.6) we com-

pare the volumes of the p-dimensional ball BP of radius y centered at the

origin and of the set Q G W, which we define as follows. We consider for

every i a system of M((p¡, (C + l)eo, £o) balls of radius eo in Kw covering

A((ßi, (C + l)eo) ■ Denote these balls by B¡j (for every i e {I, ... , K} j
changes from 1 to M(tp¡, (C+ l)eo, eo)). For every B¡¡ we consider a concen-

tric ball B'ij in Rm of radius 3e0. Let Q be {\JíjPTHxí{B'íj))) n BP. Note

that for every i, j,

vol^UÁB'^nB^K
1 r       [3me0nœmyp mo)p-m,    when/?>m,

(here com = 2nm/2/(mr(m/2)) denotes the volume of the unit m-dimensional

ball, as before). Let a>o = 1 . Then for any p > m ,

(4.7) vol(Ö) < 3me0nyp-mcomojp^mKM(9l, (C + l)e0, fio),

and

(4.8) vol(BP) = ypC0p.

Theorem 4.1 implies that

(4.9) M(<pi,(C+l)e0,eo) < 4C^e-m+l/2R'i"-[^R¡,

if

(4.10) £0<mln{J|,_^,Ä2}.

((4.10) is needed only to simplify the estimate for M(ç>,, (C+ l)eo > £o) •) It can

be easily verified that (4.10) follows from (4.4), (4.5) and the obvious inequality

2P2 > Rip. Substituting (4.9) and (4.5) into (4.7) we get

(4.11) ,ol(Q)<ypU)m0)p-f^ + l).

But K > p/m and it can be easily checked that for any p > m > 1 ,

M1„ r(% + l)comtOp_m (m\ml2 ^

(4-12) (f)W2- [j) <*>'■

Now it follows from (4.8), (4.11) and (4.12) that vol(ß) < vol(Pf). Hence
there exists a point £o G BP such that for every i e {1,..., K},

dist(//,(£o), Xi(&(<Pi, (C + l)e0))) > 3e0 - «o = 2e0.
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So for any c¡ such that \t¡ - £0| < e0,

(4.12') dist(/i(-(É), XiMPei, eo))) > eo-

(Here we use the obvious fact that A(<pEi, e0) c A(<p¿, (C + l)eo) •) This com-

pletes the first stage of the proof. Now our aim is to prove that (4.6) implies

part (b) of the lemma.

Denote for convenience Xi°9ei by q and //,-(£) by zo . Let Xo be a solution

of the equation q(x) — z0. Consider the ball B0 of radius ô* around Xo in

Em . Set D = B0 n Bp" . We should prove now that there are no other solutions

in D. Let x G D. Then

H\x - x0|2 > \q(x) - zo- Dq(x0)(x - x0)|

= \Dq(xo)(x - xo) - (q(x) - z0)|

> \Dq(x0)(x - x0)\ - \q(x) - z0\.

Thus,

\q(x) - z0\ > \Dq(x0)(x - x0)\ - H\x - x0|2.

But (4.12') implies that Xo $ A(q, eo). Thus,

\q(x) - z0| > e0|x - x0| - H\x - x0|2

> |x - xo|(eo - H\x - xo|) > 0.

So, xo is the unique solution of the equation q(x) = zo in D.

Hence the cardinality of the set (x¡ ° <Pd)~l (ßi(0) does not exceed the maxi-

mal number of nonintersecting balls of diameter 3* = eo/H with centers inside

a ball of radius p . This completes the proof of the lemma.   G

We need the following purely geometrical lemma to compare volumes in a

situation similar to the situation of the proof of Lemma 4.2 but in the case

when instead of BP we have a convex subset of it.

Lemma 4.3. Let V be a compact convex body in the Euclidean space W . Let

W" be any fixed linear subspace of W (0 < m < n) and Rn~m be the orthogonal
linear subspace. Denote by pr„_m(V) a volume of the image of the orthogonal

projection of V on Rn~m , and by sectm(F) the maximal volume of a section

by a m-dimensional linear submanifold parallel to the subspace Em, and by

vol„(F) the volume of V. Then

voln(F) > prn_m(F)secUn

Proof. First, we make the following observation. Suppose AcW" , B c R""m

are convex sets such that AC\B = {0}. Denote by A*B the set {Xa+(l-X)b\a G

A; beB; Ag[0, 1]}. Then

vo\n(A*B) = yoUA)^"->» (*>.

Indeed, if A is the convex hull of the origin and m vectors a,, ... , am G W"

and B is the convex hull of the origin and n-m vectors A,, ... , b„-m G Rn~m ,

then

volm(^l) = det(a,, a2, ... , am)/m\,

voln-m(B) = det(¿>,, ... , bn-m)l(n - m)\,
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and the orthogonality of Rm and E"-m implies that

vol„(A *B) = det(ûi, ... ,am)det(bi, ... , A„_m)/n!.

Thus, the equality holds when A and B are simplices of the described above

type with one vértice at the origin. But any convex set containing the origin can

be approximated by disjoint unions of considered simplices. So, the equality is

valid for all convex A and B .
To prove the lemma we apply the symmetrization about Rn~m to V. We

cross V by all linear submanifolds Lm parallel to Em . Let B(Lm) be the ball

in Lm centered at Lm n E""m and of such radius that

voWP(L"!))=volm(Z/*nF).

Then by definition the result of the application of the symmetrization to V will

be \JLm B(Lm). We denote it by SV. It is well known that SV will be a com-
pact convex body and vol„(5F) = vol„(F) (cf. [21]). Note that sectw(5F) =

sectw(F) and that SV nRn~m is a convex set such that vo\„-m(SV nR"-m) =

pr„_TO(F). Suppose that sect„,(F") = volm(F n L%) for some linear submani-

fold Lq" parallel to Em . We may consider the point (SVnL0n)n(SVnR"""1)

as the new origin. Note that the set (SV n L%) * (SV n E"_m) is contained in

SV because of the convexity of SV. By the observation at the beginning of

the proof

vol„(K) = vol„(5K) > vol„((SK n L%) * (SV n E"-m))

_ volw(5FnL0")vol„-m(5FnE"-m)~ PI

_ sectm(F)pr„_m(F)

(")

In Lemma 4.2 we dealt with mappings x¡0(Pi (or x¡°<Pei) from B™ toan m-

dimensional subspace of Rk (denote this subspace R™ ). Now we would like to

prove the similar result but for the case of mappings if/, = X°9i:'- Bp": x (R™')1- -»

Ef ' c R" . (R™')1- denotes the orthogonal complement from Ej"'" to E^ . Note

that the dimension m¡ of the domain depends now on /", but we assume that

for any i, m¡ < m. Even more important difference is that now we look for

the point £ not in the ball of radius y but in a convex subset Vy of this ball.

Lemma 4.4. Let C, y, H > O, and m, p, K e N be fixed constants such that

m < p < mK, and for i = 1, ... , K let Rf' be m ¡-dimensional linear sub-

spaces of Rp, where m¡ < m. Let, for i G {1, ... , K}, y/¡: B™1 x (R™1)1- -»

E)"' be C2-mappings, and for every y g (E)"'')-1-, y/iy denotes the mapping

y/¡(-, y): Bp' -» R™'. Let Rj = max,^Py€Bp¡ Rj(Wiy) (where BP is the ball of

the radius y < p in Rp centered at the origin and Rj(i//¡y) is defined as before

the text of Lemma 4.2).
Denote by fi¡ linear orthogonal projections from Rp on R™' and by (if- linear

orthogonal projections from Rp on (R™')-1- Assume that y<RiCo, where Co

is defined in the text of Theorem 4.1, and in addition y < 1. Suppose that eo

is defined by the formula

(4.13)    e0 = mini-^—=-, R2 > ,
1 16(max{3C0, \})2mR2m-2R2K2m+2m2m(C + l)2        J
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and â* is defined by the formula

(4.13') à* = %-
H

Consider closed balls P£"'(0) of radius y centered at the origin in all subspaces

R™''. Define a set Vy as a convex hull of all these sets P™'(0). (Thus

Vy = ¡ A,xi + • • • + Xkxk\ ¿A, = 1, x, G R™', |x,| < y I. )

PAe« /Aere1 exists £0 G Rp s«cA that

(a) £0 e K, ;

(b) Let, for each i G {1, ... , K}, y/El: B™' x (R^)x -» Rm' be a C2-

smooth mapping such that ||^, - We¡\\c¡ ̂  Ceo and \\D2y/e¡\\ < H. For any

i G {1,..., K} and for any (ef such that |i - iol < so the cardinality

of the inverse image set y/~]±(£)(pi(cl)) does not exceed (2(p + S*)/S*)m and a

distance between any two elements of this set is not less than ô*. Here WSiU-f-{i)

denotes the mapping y/El(-, /*/-(£)): Bp"' -> Rf'.

Proof. It follows the proof of Lemma 4.2. First, we would like to prove that

there exists £0 satisfying (a) and such that for any £ satisfying |£ - £0| < £0 >

(4.14) dist(///({), à(y/eiflx(t), Bo)) > «o-

Then the proof can be completed exactly as the proof of Lemma 4.2.

To prove the existence of such £0 we make a comparison of volumes as

in the proof of Lemma 4.2. Namely, we compare the volume of V7 with the

volume of the set Q G Rp defined as follows. For every £ G BP and every

i e {1,... , K) let RfiZ) denote the linear submanifold R™''+/*/-(<*) passing

through Ç and parallel to E™'. Define also mappings y/iS: Bp' -> E"'(0 ,

(4.15) y7is(x) = w(x,ßHZ)) + liHZ)-

By Theorem 4.1 there exists a cover COV(£) of A(y/^, (C+ l)eo) by not more

than

<7'   £ *i(¥V«))      V fR2(¥ittf-(i))\mi/2

U \R2(^(()Y'2elo/2)   V       £o

+ (C+l)/>
/*l(Vi|lr-(fl)\

\ £° /

balls of radius e0 (here we used the obvious fact that Ri(y/^) = Ri(y/iß±{i)) and

R2(Wa) = R2(V/ifl±{£))) ■ For every ball B e COV(^) we consider a concentric

ball Bi(B) of radius 3e0. Define û({)cR*'({) as (Ußecov(i)ß3(P)) n Ky.

Note that Q;(£) depends only on fij-(i). Define ß, by

(4.16) Qi=\jQi{Q=      U      &«) =    U    a«?)»
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and let

(4.17) Q = \jQi.
1=1

We want to prove that under the assumptions of Lemma 4.4 vol(Q) <

vol(Fy). For every i < K and every t\ g (Ef')1" >

volm,(Q,nRr'(O)<C0'"'
Ri(va)    \  (Riiv,

+ (C+l)/>(-^)m'"1).(3e0ra7w,

■"igGftO (r*
(R \m,_1\

+ (C+l)p\^j       j ((3co)ffl't»m/).

By Fubini's theorem

vol(ß,) < C0m'     £
"^'/      P,       V^2XW,/2

vP1/2e1/2/   Veo4=0    \Ä2    fc0    /

/ R \m,_1\

+ (C+i)p \jj-j       J (3eo)m'o>m¡K-m¡(Vy),

where pr^-_mj(^) denotes the volume of pj-(Vy) in (R™')x.

Under the assumption y < P,Q and from the inequality (4.10) which fol-

lows from (4.13) we get as in the proof of Lemma 4.2. that

< 4e0-m'+1/2P7î'-1P^/2.

Hence

(4.18) vol(à) < 4C0m'e0-m'+1/2Pf'-1v/P2"[(3e0ra;m,pr^ffl/(^)].

By Lemma 4.3

\m,J

Hence

v0l(Öi) - 4(3C0r<e0'2R?>-lRl2'2y-m>^).<
VOl(Vy)

Note that (p) < (Km)"1'. Using the assumption y <\ we see that

(4.19) ^~"=\™v?l) - 4(3C0)me0/2wmJrím+1P^-1v/P¡}'"m-
voI( Vy)
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Now (4.19) and (4.13) imply that vol(ß) < vol(Fr). Hence there exists a

point £0 G Vy\Q and for this point for every i e {I, ... , K} ,

dist(/í,-(ío), A{y/eiltx{(o), e0)) > 3e0 - e0 = 2e0.

This implies (4.14) for all c¡ such that |¿; - <üo| < eo. From this point the

proof continues exactly as the proof of Lemma 4.2.   D

5. Proof of main results

To prove Theorem 1.1 and Theorem 1.2, we proceed as follows. Let p(S) =

r(S + r(S)), where r(S) is defined by (3.23), (3.21), (3.46). Consider the cover
of the solution set of all problems (1.3) with A satisfying (1.2) by balls B such
that the radius (B) < p(\\ the center (P)||c ,q>) , the existence of which is stated

in Proposition 2.4. An upper bound on the number of balls in such a cover

is given by Proposition 2.4(a). We can see immediately that p(S) satisfies the

inequality

(5.1) /,(5)<C8(^,|Q|)M2(5+|^M)

-7/V/4

where the constants C$(N, \Si\) and C%(N, |Q|) were defined by the inequal-

ities (3.49) and (3.50). Results of §3 permit reduction of the local problems

concerning numbers of solutions in small balls B of the cover to finite dimen-

sional problems, and results of §4 allow us to prove the existence of Ca-smooth

A with arbitrary small C°-norm such that all these local problems do not have

very many solutions. Moreover, this property persists under small perturbations

of A . When we will apply results of §3 we take 5 + r(S) and not 5 as a value

of the a priori upper bound on the C°-norm of solutions. We do so because

otherwise small balls centered at points Uo with C°-norms almost equal to 5

will be partially outside the ball {u g C°°(Q)| ||w||c0(ñ) < s) ■ Thus> all esti-

mates will be in the terms of M2(S + r(S)). But the assumption that for any

c>0, M2(S + c/M2(S)) = M2(S)(l+o(\)) when 5->+00, makes it possible

to write all estimates in terms of M2(5). Thus, we get Theorem 1.1.

To prove Theorem 1.2 we use the freedom to perturb A a bit while not in-

creasing significantly the number of solutions with C°-norm < S . We construct

the sequence {5,}°^ such that lim,^005, = +00 and a sequence h¡ - ho of

C2+a perturbations of the right-hand side ho of the problem converging to a

C1-smooth limit Aoo - Ao such that the number of solutions u of the problem

r -Au + f(u, x) = Aoo,

l W|â£2 = 0,

such that IMIco(ñ) - $i satisfies (1.9).

Proof of Theorem 1.1. Let 5 = S+r(S), where r(S) is definedby (3.23), (3.21),
(3.46). Now choose a new value of e . We put e' = min{e, ô(S)/2}, where the

function ô is defined by formulae (3.46), (3.21), (3.22), and satisfies (3.48).
Subtracting Ao from f(u, x) we reduce the theorem to the case Ao(x) = 0.

Consider a cover of the set of a priori solutions u suchthat IMIco(ñ) < 5 of all

boundary value problems (1.3) with C-smooth right-hand sides A such that
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||A||C0™ < e' by C°-norm balls of radius p(S) - r(S+r(S)). This cover can be

chosen to satisfy statements (a) and (b) of Proposition 2.4. So, we may assume

that the number of balls NB(S) in the cover satisfies the following inequality:

(5.2) InNB(S) < C,8(/V, diamQ)((dilSi)NSNM~o(S)M2(S)1N*/4),

where Ci%(N, diamQ) is a constant which can be explicitly written.

Note that for any uq such that ||wollco(ñ) - $, P(S) < 5 - ||wo||co(ñ) • ^

results of §3 the number of solutions of a problem (1.3) with a right-hand side

À satisfying ||Â||c0,g, < e' belonging to a ball B of the cover does not exceed

the number of solutions of the equation TJ"B'(ui) = 0. Here the mapping T-"b)

is defined as T-h in §3 for the center ub of the ball B as «o • The mapping

T-""^ is defined on a ball B of radius r(S) in the space Pi(uR) determined

by uR exactly as P, was determined by uq in §3. This ball is mapped into the

space Qi(ub) determined by uB exactly as ß, was by uq . More precisely,

P\(ub) - span{Vi(X)\Vi(X) is an eigenfunction corresponding to an eigenvalue

Xi of the operator -A + f¡i(uB(x), x) such that X¡ < a(S) + b(S)}, where a(S)

and b(S) are defined by (3.46),

ßi(Mß) = Coker(-A + /^(wB(x),x))©ImP,(Mß) = Pi(M7i),

P2(ub) = Pi±(ub),     Q2(ub) = QÏ(ub),

lt'\ux) = nQl{UB)F(ui, yv{UB)(ui)) - nQÁUB)h,

where y/j"B' is also defined exactly as in §3 (from equation (3.24)). We sup-

pose that all considered spaces are equipped with the norm of L2(Q). Thus,

they are isomorphic to Euclidean spaces.  Denote nQ^UB)F(u\, yfB\ui)) by

TfB\ui).   Note that DT^b)(ux) = DT^b)(ui).   Hence Proposition 3.4 also

describes properties of T-^B (only (c) holds with another constant). Thus,

the choice of a(S), b(S) by (3.46) implies the estimates (3.52)—(3.55) but on

T~"s) instead of T^b) . The equation T^B\ui) = 0 is equivalent to the equa-

tion T^B (ui) = 3Tgl(Ufi)A. Note that by its definition T^B depends on iiQ2{uByh

but not on iiQ^UByh .

Now we apply Lemma 4.4. We regard spaces Qi(ub,) as R™'. Denote their

sum (not direct in general) by ß, . It is regarded as Rp . For h G ß, the

mappings T-"B' (u\) (i G {1, ... , NB(S)}) are regarded as y/¡(ui, 7iQ2{B¡)h)

(in the notations of Lemma 4.4). Let

mi = dimPi(uBl),    K = NB(S).

The value of p coincides with r(S) which satisfies (3.23), (3.49) and

Un \const(/V, diamQ)M2(5)3Ar/4+1 '    '   °J'

Here Co is the constant defined in of Theorem 4.1 and cons^N, diamQ) will

be defined later. The estimates for P, , P2 (in the sense of Lemma 4.4) are

provided by (3.52), (3.53), and (3.49).  We can regard t""' («,) for such g

min
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that H g - A||c„,g, < i/(5, e) as y/e¡. The estimates for H and for C are

provided by (3.53), (3.54), and (3.55). The value of £o existence of which is

stated in Lemma 4.4 considered as a function on Q will be the necessary A

and we can put v(S, e) to be equal to ô* defined by the formula (4.13'). The

application of Lemma 4.4 proves immediately parts (2), (3) of Theorem 1.1.

The function h G C2+a(Q) because it is a linear combination of a finite num-

ber of eigenfunctions of the operators -A + f¿(uB¡(x), x) and Ub, £ C2+a(Si).

To prove that ||A||c,,g, < e we proceed as follows. By Lemma 4.4

K

h = £o = J2 XiVB< '
<=i

where Vb,   is a linear combination of eigenfunctions of the operator -A +

f¿(uB¡(x), x) satisfying

e'

l|VÄ'"tf<5) ̂  const(7V,diamQ)M2(5)^/4+i '        *'" °'

and Yjí=\ ^i < 1 • Hence, by Proposition 3.1(4) and Proposition 3.1(1) we can

choose const (tV , diam Q) such that

K

IWIc'íñ) ^ 5ZAill«A/llc(ñ) ^ maxIKHc>(ñ) ^ e-   n
(=i

Proof of Theorem 1.2. Let us introduce a function v(S, e) by the formula

Ù(S, e) = exp(-02(/V, diamSi)((di\Si)N SN (M o{S) + \\h\\c^N

x (M2{S))1Nl/4+N/2 + M2(S)N/2\n 1/e)).

Thus, (1.8) can be written as u(S, e) > ¿>(5, e).

Consider now an increasing sequence {5,}^, such that lim,^+00 5, = +oo.

As in the proof of Theorem 1.1 we take a new value of e . Namely, let e, <

min{e/4, ¿(5, )/4} be a positive constant such that for any positive e" < e, and
any 5 > 5,, 0(S, s) < s. Here and below S(S) is the function defined in §3

and satisfying (3.48).
Now we apply Theorem 1.1. The theorem implies that there exists a C2+a-

smooth function (we denote it by A,) such that (1)  ||Ai||Cwg, < ei ; (2) The

number Ng(Si) of C2+a-smooth solutions u suchthat ||m||co(q) < 5, of the

problem
Í -Au + f(u, x) - A0(x) = g(x)   inQ,

I u\dQ = 0,

for any Ca-smooth function g such that ||g - Ai||c0(-j, < i>(5,, e,) satisfies

inequality (1.7) for 5 = 5, .
Proceeding by induction we set for every j > 1,

tJ+1 = min{£(^M,£ai!)}

Then we apply Theorem 1.1 to the boundary value problem

( -Au + (/(«, x) - h0(x) - A,(x)-hj(x)) = 0   in Q,

1 «Ian = 0.
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As a result of the application of the theorem we get the existence of a C2+a-

smooth function AJ+i such that:

(1) the number Ng(Sj+i) of C2+a-smooth solutions u suchthat |Mlco(ñ) -

Sj+i of the boundary value problem

i -Aw + (f(u, x) - A0(x) - A,(x)-hj(x)) = g(x)   in Q,

l M|ö£i = 0,

satisfies the inequality (1.7) for 5 = 5,+, and with J2Í=oni instead of Ao when

g G CQ(Q) and \\g - hj+iW^j^ < i>(5i+,, e7+1);

(2) IIAj+illc.^) <Ej+i-
For any j > 0

1 1 e
(5-3) P;+illc(ñ) < e7+i < fHSj, tj) < ^j < 4-.

Obviously, the series YlJLohj converges in  C'-norm to a limit h^, and

IIAoo - Ao||c,(ñ) < min{e, <5(5,)/2}. Moreover, for any ; ,

< jHSj, ej) + ^eJ+i < -û(Sj, g;).

c°(ñ)

Hence the number Nhoc(Sj) of C2+a-smooth solutions u of the problem

j -Au + f(u, x) = Aoo(x)   inQ,

I "lon = 0,
such that ||w||co(ñ) ̂  Sj satisfies the inequality

InNhJSj) <Gi(N, diamSi)((àtiSi)NS»(Mo(Sj) + \\h0\\CO{Ti))N

x (M^Sj))1»2'4^ + M2(Sjf In l/ej),

for an appropriate constant G,(/V, diamQ).

Now let us choose a sequence {5,}^, to make (1.9) follow from (5.4). Note

that for j > 1,

In— < C,9(/V, diamQ)
ej+\

x max j (dû 0)^5/(^(5;) + ||A0||c„(ñ))AÍM2(5J)7A'2/4+;v/2

+ M2(5,)-/2lni,ln^-T},

for some constant Cig(N, diamQ) (depending only on N and diamQ). But

using (3.48) we see that for some C2o(N, diamQ),

ln(l/<5(57+,)) < C2Q(N, diamQ)InM2(5,+1).

Hence for some constant C2i(N, diamQ),

In— < C2,(/V, diamQ)
ej+i

(5.5) x ((düQ)"5f (Mo(5;) + INI^g/M^,)™2/4^/2

+M2(5,)'v/2lni + lnM2(5y+,)y
£7 /
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We recall that by the conditions of Theorem 1.2 lims_+00 M2(S) = +00 . It

is obvious now that one can choose 57+, large enough to ensure that

2((dilQ)^+1(M0(5,+1) + ||Ao||CO(ñ/

x M2(Sj+i)1N2l4+N + M2(Sj+i)N+s\n 1/e)

> (dilQ)w5Jv+1(M0(5;+1) + IMIcofñ/

x M2(SJ+i)1N2'*+N + M2(Sj+i)Nln 1/V,.

This completes the proof of Theorem 1.2.   D
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